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APÉNDICE VI. LA TEORÍA GENERAL DE LA RELATIVIDAD 
 

APÉNDICE VI A. LA CONSTRUCCIÓN DEL TENSOR MÉTRICO!
!
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I. Coordenadas cartesianas y esféricas 
!

!!!"52%8$5'1! )',! 6,! %:%52#'! (%#$.*7$5%,.%! 1%,)*##'! -%! #$! .($,14'(5$)*+,! -%! 6,! 1*1.%5$! -%!
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!
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!
!!!D$1! )''(-%,$-$1! )$(.%1*$,$1! -%#! 26,.'! ! 1',! ;! E-%5F19!
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!!!"#!$%&!'!$(&!)*+#,#-)./!$0&! 1!!(#!$*&!'!$(&!)*+#,#-)./!$2&! 1!!

'! (#! $3&! )*+#,#-)./! $4&! 5! 67! 89,+)! ! #,! 3)):(#,%(%.! #.;<:=3%.! #./!

5!

!

!!!>):!7)!+%,+)!#7!?#3+):! !#,!!""#$%&'$'()!'#*%(+'&'(!#./!

$@A&! !

!!!!!!!!!'!#,!!""#$%&'$'()%(,-#+!'(/!

$@B&! !

!

II.A. Diferenciales 
!

!!!"#:=?%,()! #7! ?#3+):! $@&! '! (#(93=#,()! #7! (=;#:#,3=%7! (#! 7%! (#:=?%(%C! )*+#,#-).C! 8%:%!

3)):(#,%(%.!3%:+#.=%,%./!

$D&! !!! !!

$D!B&!! !

!!!

'!8%:%!3)):(#,%(%.!#.;<:=3%./!

$E&! !!!!!! !!!!

$E!B&! !

!
II.B. Transformación de los diferenciales de diferentes sistemas de coordenadas 
!!!F).!().!(=;#:#,3=%7#.! .),! =G9%7#.!#,!39%7H9=#:! .=.+#-%!(#!3)):(#,%(%./! 5!>):! 7)!

+%,+)C!*#'&(,"#.'&$")/'()!""#$%&'$'()!'#*%(+'&'()%&)%(,-#+!'(C!)*+#,#-)./!

$I&! !

$J&! !

$K&! !

!

!!!!L#.9-=#,()! 7%.! #39%3=),#.! $I&C! $J&! '! $K&C! )*+#,#-).! %/) *%&("#) $%) *#'&(,"#.'!+0&) $%)

$+,%#%&!+'/%(!H9#!#.!9,!+#,.):!(#!8:=-#:!:%,G)!'!.#!89#(#!#.3:=*=:!(#!7%.!.=G9=#,+#.!-%,#:%./!

$0MA&! !1!

!!!!7%!#39%3=N,!$0M!A&!+%-*=<,!.#!#.3:=*#!.=,!.=G-%/!!
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"#$!%&! '!

!!!!(!)*+,-./!01!2*!3-45-1/)1!+*/16*7!

"#$8&! 9!

":%!!! '! '! '! &!

!

III. El coeficiente métrico  
!

!!!;<6! 2*! -45*20*0! 01! "=>&! (! "=%&! <,)1/1+<3! 12! ?1@)<6A! B51! 31! C5101! 1DC613*6! 01! 0-E161/)13!

+*/16*37!

!

"##!>&! !

!!!!!!!!!!!!!!! !!

!!!!01!+<0<!B51!2*!+*4/-)50!137!

"##!%&! !"
/<)*
!
#FG=
&!

!

!!!H1@<601+<3!12!)1/3<6!01!)6*/3E<6+*@-I/!"1@5*@-I/!#$&7!

"#$&! !

!

!!!;<01+<3! 013@<+C</16! 12! )1/3<6! "#$&! 1/! 353! )613! @<+C</1/)13! (! *C2-@*6! 2*! -45*20*0!

61C6131/)*0*!C<6!2*!1@5*@-I/!"##&7!

!

"#J& ! K!

!!!!!!!K!!! !

!

"#G&! K!

!!!!!!!!!K !

!

"#=&! ! K!

!!!!!!!!!K !

!

!!L21?*+<3!"#J&A!"#G&A!(!"#=&!*2!@5*06*0<7!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
#FG=
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"#$%! &!

!!!!!!!!!&!! !

!!!!!!!!!!!!!'! !

!!!!!!!!!!!!! !!!! !

!

"#(%!! !

!

!!!)*!+,-*,./0!"#(%!012!3*!+4!,-*35*31!3+4!3.6+5+0,.*4!+0!+4!,*21!3+!4*2!,1153+0*3*2!+2675.,*28!94!

:75;.01!*0:+2!3+4!3.6+5+0,.*4!,-*35*31!2+!44*;*!!"#$%!%#&'#()*'+%!"! 8!!!!

!

!!!<15!41!:*0:1=!

"#>%! !!!!!

!

!!!?+!"#(%!@!"#>%A!1B:+0+;12=!

"#C% !

!

IV. Los vectores tangentes y el  factor de escala! !!

!

!!!D+,153+;12!"EF%! !

!

!!!)12!:5+2!,#!'"+#-('.&/#&'#-! +0!,*3*!G-0:1!3+!4*!+26+5*!210=!

"#H%!! !

"IJ%! !

"I#%! !

!

!!!92:12! K+,:15+2! :*0L+0:+2! G+5;.:+0! ,*4,-4*5! #0( $.!'"+( 1#( #-!.0.! A! M-+! +2! 0.( )./&%'21( 1#0(

,#!'"+('.&/#&'#8!

"II%! !!!!!!!!!" %!!! !

"IN%! !

"IE%! !

"I$%! !

!

!!!!D+,153+;12!+4!!"#$%!%#&'#()*'+%!"! =!



! 635 

"#$%! !!!!!

!

!!!!&'! ()! *+,-!.(! *--/.('+.+,!-/0-1-'+)(,! "*+/0(,2+'+,3! (,45/2*+,3! *2)6'./2*+,! 7!-0/+,%3! ('!.-'.(!

!8(9-,3!:7(!()!4+*0-/!.(!(,*+)+!(,!)+!/+6;!.()!*-(42*2('0(!950/2*-<!

"=>%! !

!

!!!&,!4?*2)!*-//-@-/+/!:7(!)-,!8(*0-/(,!0+'1('0(,!"#A!+!=#%!,-'!-/0-1-'+)(,3!.+.-!:7(!()!B/-.7*0-!

(,*+)+/!.(!(,0-,!8(*0-/(,!(,!*(/-<!

"=$%! !

!!!!!C ! C!

!!!!!C !

"=D%! !

!!!!!!!!! C!!

!!!!!!!!!C! !

"=A%! !

!!!!C! C!

!!!!C! !

!
V. Los vectores tangentes unitarios 
!

!!E-,! !"#$%&"'( $)*+"*$"'( ,*-$)&-%'! ,(! -@02('('! +)! .282.2/! )-,! 8(*0-/(,! 0+'1('0(,! ('0/(! ,7!

9+1'207.3!(,!.(*2/<!!

"FG%! !!!" %!

!

!!!H(!"FG%!,(!*-//-@-/+!:7(!()!8(*0-/!0+'1('0(!(:728+)(!()!B/-.7*0-!.()!8(*0-/!0+'1('0(!7'20+/2-!I!

)+!9+1'207.!.()!8(*0-/!0+'1('0(<!

"F#%!! !

!!!!

!!!J-/!)-!0+'0-<!

"F=!K%! !!

!!!!! C!

!!!!!C !

"F=!L%!! !

!

"FF!K%! !
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" "!

" ! !

#$$!%& !

!

#$'!(&! !

!!!!!!!!!!!" "!

!!!!!!!!!!!" !

#$'!%&! !

!

!!!)*!+,-./!-011020131!456! /0*!76-8016*! 839:6986*!59.831.0*!*09!0180:093/6*!#6-53-.096*!$;<!$$!=!

$'&<!39,/0:3>6986!3!/0*!76-8016*!839:6986*?!

!

#$@&! !!

#$A&! !

#$B&! !

!

!

!

!

VI. La invarianza de la longitud de arco 
!

!!!C5D09:3>0*! 456! 8696>0*! 593! /E963! -5173F3! 69! 6/! 6*D3-.0G! H/3>3>0*! ! 3! /3!>3:9.85F! F6/!

31-0<! 6*! F6-.1<! /3! F.*839-.3! 69816! F0*! D5980*! 69! 6*83! -5173G! )/! !"!#!$%&' (!' ")$!*! ! 6*! 6/!

-53F13F0!F6/!F.+6169-.3/!F6!6*83!F.*839-.3G!I6-01F6>0*!/3*!6-53-.096*!#@&!=!#A&?!

#$J& !

!

!!!K6+.9.>0*!6/!-53F13F0!F6/!F.+6169-.3/!F6!/3!/09:.85F!F6!31-0?!

#$L&! !

!

!!!M0>2.939F0!#$J&!=!#$L&<!028696>0*?!

#'N&! !

!!!!!!!! ! !

!!!!!!!!!! ! !

!!!!!!!!!! ! !
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"#$%!! !

!

!!!&'()! *+,! -'! -)./01+(! (,! '23)! .)! (,4,.(,! (,-! 5051,6'! (,! 3))2(,.'('57! ! ,5! 0.8'20'.1,! ,.!

3+'-*+0,2!5051,6'!(,!3))2(,.'('59!

"#:%! !!!!

!

!!;)6<0.'.()!"#$%!=!"#:%7!)<1,.,6)59!

"#>%! !

!
VII. El tensor métrico y la transformación de un sistema de coordenadas en otro 
!

!!!?+,2,6)5!3).512+02!!"#$!%&'(#)*$(+,'!*+,!5,!2,42,5,.1'!4)2!+.'!,3+'30@.!1,.5)20'-!(,!5,/+.()!

2'./)A!B51'!"#$%#&'(!)"*+!,+-&./!0%*%*!-%!1*%()2/*3%#&'(!."!#$%-4$&"*!)&)1"3%!."!#//*."(%.%)!

"(! #$%-4$&"*! /1*/! )&)1"3%! ."! #//*."(%.%)! "5,'.! 5051,6'5! (,! C! 3)64).,.1,57! 5,'.! (,! $D!

3)64).,.1,57!5,'.!(,! !3)64).,.1,5%A!!

!

!!!E,!3).512+=,!,51,!1,.5)2!6F1203)!'!4'2102!(,!-'!0.8'20'.G'!(,!-'!-)./01+(!(,!'23)!"'4'21'()!H%!=!

-'5!-,=,5!(,!-'!12'.5I)26'30@.!(,!(0I,2,.30'-,5!"'4'21'()!JJ%A!

!!!

!!!K,,5320<06)5!-'!,3+'30@.!"#>%!3)6)!50/+,9!

"##%! !

!

!!!K,3)2(,6)5!1'6<0F.!,-!1,.5)2!(,!-'!12'.5I)26'30@.!(,!(0I,2,.30'-,5!",3+'30@.!$L%9!

"$L%! !!!M!!!! !

!

!!!E+5101+06)5!-'!"$L%!!,.!-'!"##%9!

"#N%!! !

!!!

!!!E+5101+06)5! -)5! O.(03,5! 6+()5! ! M! ! ! ,.! ,-! 1F260.)! '-! -'()! (,2,3P)! 4)2! ! M! !

2,54,3108'6,.1,7!4'2'!)<1,.,29!

"#D%!! !

"#Q%!! !

!

!!!&'()!*+,! 7!(,!"#Q%!5,!50/+,!*+,9!

"#R%!! !
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"#$%! !

!

!!!!&'! ()! *+,)+-.'! "#$%! /,/0-0,-12/! ! 3! ! /-'! 4)55)! 625! ! 3! ! +2'! 4)55)7! 3! 8-+*98*5/)7! 3!

/,/0-0,-12/!(2/!:';-+*/! !3! !625! !!3! 7!3! !3! !625! !3! <!

"=>%! !!!

!

!!!&'!(2/!)6)50);2/!?@!3!@7!+2552425)12/!A,*!()/!+225;*');)/!*/BC5-+)/!/2'!2502D2')(*/E!F)5)!()!

05)'/B251)+-.'!;*!;-B*5*'0*/!/-/0*1)/!;*!+225;*');)/!A,*!/*)'!2502D2')(*/7!*(!0*'/25!1C05-+2!/*!

/-16(-B-+)7!;);2!A,*! E!G!+2'0-',)+-.'!5*652;,H+27!)!12;2!;*!*I*16(27!()/!1)05-+*/!

;*!(2/!+2*B-+-*'0*/!1C05-+2/!;*!(2/!/-/0*1)/!;*!+225;*');)/!+)50*/-)'2!3!*/BC5-+2<!

"=J%! !

!

"=K%! !

!

!!!!F25!(2!0)'027!"#$#!%&%'()#%!*(!+,,$*(-#*#%!,$',.,-#/(%0
1234
!*(!0*'/25!1C05-+2!5*65*/*'0);2!625!

()!*+,)+-.'!"=>%!/*!5*;,+*!)!()!"=L%<!

"=L%! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
JML=
! F)5)! ',*8*! +)/2/! 6)50-+,()5*/! ;*! /-/0*1)/! ;*! +225;*');)/! 2502D2')(*/7! 8C)/*! N,55)3! O6-*D*(7! !"#$%&%&'''

()*+,-%.$!"K>>=%<!JLM9J#J!
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APÉNDICE VI B. LA CONSTRUCCIÓN DE LA GEODÉSICA Y EL TENSOR DE 
EINSTEIN 

por Juan Auping Birch con la asesoría de Alfredo Sandoval Villalbazo 

!

!!!"#! $%&$! '()#*+,$! (-$%$#&.! /'! 0.-1'! 1'&$12&+,'! *$! /'! &$.-3'! *$! /'! -$/'&+4+*'*! 5$#$-'/! *$!

"+#%&$+#6!$#!*+$7!%$,,+.#$%8!

!
A. LOS SÍMBOLOS DE CHRISTOFFEL   
9:;!<=%$-4',+.#$%!(-$4+'%!

9>;!?31=./.!*$!@A-+%&.00$/6!(-+1$-'!$%($,+$!

9B;!?31=./.!*$!@A-+%&.00$/6!%$5C#*'!$%($,+$6!*$-+4'*'!*$!/'!(-+1$-'!$%($,+$!

9D;!E'!F*$-+4'*'!,.4'-+'#&$G!

9D;:;!E'!*$-+4'*'!,.4'-+'#&$!*$!C#!&$#%.-!,.4'-+'#&$8!

9D;>;!E'!*$-+4'*'!,.4'-+'#&$!*$!C#!&$#%.-!,.#&-'4'-+'#&$8!

9H;!?31=./.%!*$!@A-+%&.00$/!$#!$,C',+.#$%!,.#!&$#%.-$%!*$!-'#5.!%C($-+.-!

B. LOS TENSORES DE RIEMANN Y DE RICCI 
I:;!J$-+4',+K#!*$/!&$#%.-!*$!L+$1'##!

I>;!"/!&$#%.-!*$!L+,,+!

IB;!"/!$%,'/'-!*$!,C-4'&C-'!

ID;!"/!&$#%.-!*$!L+$1'##!M!/'!,C-4'&C-'!*$/!$%(',+.!

IH;!N*$#&+*'*$%!*$!I+'#,A+!

C. EL LÍMITE NEWTONIANO DE LA ECUACIÓN DE LAS GEODESICAS 
C1. La geodésica del espacio curvo 

@>;!J$!/'!'(-.O+1',+K#!*$!,'1(.!*)=+/!!'!/'!5-'4+&',+K#!P$Q&.#+'#';!
@B;!9(-.O+1',+K#!*$!,'1(.!5-'4+&',+.#'/!*)=+/!

@D;!E'!5-'4+&',+K#!P$Q&.#+'#'!

@H;!J$!/'!1)&-+,'!'!/'!&$.-3'!P$Q&.#+'#'!
D. LA GRAVITACIÓN NEWTONIANA EXPRESADA COMO TEORÍA DE CAMPO 
J:;!@'1(.!5-'4+&',+.#'/!#$Q&.#+'#.!('-'!C#'!%./'!('-&3,C/'!

J>;!"/!,'1(.!5-'4+&',+.#'/!('-'!C#'!*+%&-+=C,+K#!*$!1'%'!'-=+&-'-+'!

E. EL FLUIDO PERFECTO 
F. EL TENSOR DE EINSTEIN 
R:;!",C',+K#!*$/!,'1(.!*)=+/!

R>;!",C',+K#!*$!,'1(.!5$#$-'/+7'*.!

G.  LA MÉTRICA FRIEDMANN-ROBERTSON-WALKER 
H. ALGUNAS CONSECUENCIAS DEL CAMBIO DE SIGNO EN LA MÉTRICA 
I. LA SOLUCION DE SCHWARZSCHILD A LAS ECUACIONES DE EINSTEIN 
K. EL MODELO LEMAÎTRE CON! !Y CONSTANTE COSMOLÓGICA! !

!
A. LOS SÍMBOLOS DE CHRISTOFFEL   
!

A 1. Observaciones previas 
!

Primera observación: los índices 
!!!"/!,2/,C/.!&$#%.-+'/6!M!$#!('-&+,C/'-!$/!&$1'!!*$!/.%!%31=./.%!*$!@A-+%&.00$/!+1(/+,'#!$/!1'#$S.!

*$!1C,A.%!3#*+,$%6!,.1.!*+S.!C#!'1+5.!13.6!T$/!,2/,C/.!&$#%.-+'/!$%!%+1(/$1$#&$!C#'!,.1(/$S'!
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"#$%#!"&!'$"()&*+,!-#%.$!/0-!1#!)2#1!&*!)0$3&$(&$4&!/-(5&-0!60-521#-!#172$#*!-&71#*!82&!9#$!"&!

-&*/&4#-*&!/#-#!$0!)05&4&-!&--0-&*:!

!

#;! <#"#!!"#$%&'($)*&!"&=&!0)2--(-,!+",'-.(,'/&01'&"'%,#,'+".'#&'(.-'23*4$".-!"&!2$#!!

!!!!!!&)2#)(.$,!>!-$&45*&'&"'(,'4$-4,'5.-$%$6"!?)03#-(#$4&!0!)0$4-#3#-(#$4&;@!

=;! <2#$"0! +"' !"#$%&' 4+#.! 0)2--&! &"' +"' 23*4$".! "&! 1#! &)2#)(.$,! #*0)(#"0! #! "(6&-&$4&*!

6#)40-&*! "&1! 4A-5($0,!.%+**&' #.-' /&%&-1' "$'47-1' "$'4&".-8' 9,' 5*&-&"%$,' #&' 2*&-' !"#$%&-'

*&5&2$#.-1' ,-.%$,#.-' ,' 2*&-' #$:&*&"2&-' :,%2.*&-' #&(' 4$-4.' 23*4$".1' ((&/,' ,' +",'

%."2*,#$%%$6"1' %.4.' ,' %."2$"+,%$6"' %.45*.),*3,! #"&5B*! "&! *&-! ($)0$*(*4&$4&! )0$! 1#!

)0$3&$)(.$! "&! '$"()&*! 52"0*! 82&! *&! #"0/4#! )05C$5&$4&@! D2/0$7#50*! 1#! *(72(&$4&!

&E/-&*(.$! 4&$*0-(#1:! @! F#"0! 82&! ! &*! 2$! &*)#1#-,! *&! *(72&! 82&:!

@!G90-#!=(&$,!&1! 4A-5($0!"&1! 1#"0! (%82(&-"0! 4(&$&!2$! '$"()&! 1(=-&!>!2$!

'$"()&!52"0!#*0)(#"0!#!10*!6#)40-&*!"&1!4A-5($0!>,!/0-!10!4#$40,!&*!2$!3&)40-!?2$!4&$*0-!"&!

/-(5&-!-#$70;,!/&-0!&1!4A-5($0!"&1!1#"0!"&-&)90!4(&$&!"0*!'$"()&*!1(=-&*!>!&*,!/0-!10!4#$40,!

2$!4&$*0-!"&!*&72$"0!-#$70,!10!82&!(5/1()#!)0$4-#"())(.$@!!

);! H*40!$0!82(4#!82&!*'!/2&"&$!&E(*4(-!4-&*!'$"()&*!52"0*!#*0)(#"0*!#!2$!5(*50!0=I&40,!/0-!

&I&5/10,! @!

";! H$! )#*0! "&! 82&! &1! '$"()&! $0! (5/1()#! 2$#! *25#40-(#,! *'! /2&"&! 9#=&-! 4-&*! '$"()&*!52"0*!

#*0)(#"0*!#!4-&*!6#)40-&*!"&!2$!5(*50!4A-5($0,!/0-!&I&5/10! @!

&;! ;+,"#.'-&'-+-2$2+<&'+"'!"#$%&'4+#.'&"'+"'23*4$".'5.*'.2*.1'".'"&%&-,*$,4&"2&'-&'=,%&'

(,'4$-4,'-+-2$2+%$6"'&"'(.-'#&47-'23*4$".-'#&'(,'&%+,%$6"@!

!

Segunda observación: los tensores: 
6;! J0*!/-0"2)40*!#17&=-#()0*!"&!4&$*0-&*!*0$!%."4+2,2$/.-1!&*!"&)(-,! !

7;! H$!40"#!&)2#)(.$!4&$*0-(#1!*&!/2&"&$!)#5=(#-!1#*!3#-(#=1&*!)0$!=#--#!/0-!1#*!3#-(#=1&*!*($!

=#--#!>!3()&K3&-*#!>!*(72&!*(&$"0!3B1("#!1#!&)2#)(.$@!

9;! <2#$"0!/&$*#50*!&$!2$!4&$*0-,!"&=&$!)0$*4#4#-*&!4-&*!)0*#*!(5/0-4#$4&*:!!

L@K!H$!82A!&*/#)(0!&*4#50*@!J#!)0$3&$)(.$!&*!2*#-! '$"()&*! 1#4($0*!&$!&*/#)(0*!"&!M!0!N!

"(5&$*(0$&*!&!'$"()&*!7-(&70*!&$!2$!&*/#)(0K4(&5/0!"&!O!"(5&$*(0$&*@!

M@K!H1!-#$70!"&1!4&$*0-@!H1!-#$70!"&/&$"&!"&1!$C5&-0!"&!'$"()&*!1(=-&*:!2$!4&$*0-!"&!)&-0!

'$"()&*! &*! 2$! &*)#1#-P! 2$! 4&$*0-! "&! 2$! *010! '$"()&! 1(=-&! &*! 2$! 3&)40-P! 2$! 4&$*0-! "&! 4-&*!

'$"()&*!1(=-&*!&*!2$!4&$*0-!"&!-#$70!4-&*!2!0-"&$!4-&*,!&4)A4&-#@!

N@K!F&=&!($"()#-*&!*(!&*!2$!4&$*0-!#-=(4-#-(0,!*(5A4-()0!0!#$4(K*(5A4-()0@!H1!#-=(4-#-(0!&*!1#!

*25#!"&!2$!*(5A4-()0!>!2$!#$4(K*(5A4-()0@!Q0-!&I&5/10:!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!O!"(5@RLS!)05/@!!!N!"(5@RT!)05/@!!!!O!"(5@!R!LS!)05/@!

G-=(4-#-(0!!!!!!!!!!!!!!U!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!T!($"&/@!!!!!!!!!!!!!!!!LS!($"&/@!

D(5A4-()0!!!!!!!!!!!!!!LV!($"&/@WS!"&/@!!!!!S!($"&/@WN!"&/!!!!LV!($"&/@W!S!"&/@!

G$4(K*(5A4-()0!!!!!!!U!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!N!($"&/@WS!"&/@!!!!S!($"&/@!W!LV!"&/@!

!

Tercera observación:!&1!4&$*0-!5A4-()0!&*!*(5A4-()0,!&*!"&)(-! @!Q-2&=#:!

!!!X&)0-"&50*!82&:! !?*0$!)0$524#4(3#*;,!/0-!10!4#$40:!

?L;! !
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"#$! !!!!!!%!!!! !!!

!!!&'!"($!)!"#$!*'!+,-.'/'0!

"1$!! !

!!!!

!!!!&'!"#$!)!"1$!*'!+,-.'/'0!

"2$!! !

"3$!! !

!

Cuarta observación0!!
!!!4/!'5!678/9.:'!;/-'<.+<!9'<.=8!'5!-'/*+<!>8-<.:+!7;<;!:++<9'/;9;*!:;<-'*.;/;*!)!'*?8<.:;*!)!'5!

!"#$%&' ()!&*+%' ,#*-"&$./! "':@;:.A/! #2! 9'5! 678/9.:'! BC! 6$D! E'-+>+! ;F@G! 5;! 7;<-'! 9'5! -'/*+<!

>8-<.:+!@/.='<*;5D!!H;!9'<.=;:.A/!9'!'*-'!-'/*+<!'*-I!,;*;9+!'/!9+*!*@7@'*-+*!";!)!,$0!

!!!!!!

!!!!!;$!5;!./=;<.;/J;!9'!5;!5+/K.-@9!9'!;<:+0!

"L$! !

!

!!!!!,$!5;*!5')'*!9'!-<;/*?+<>;:.A/!9'!5+*!9.?'<'/:.;5'*0!

"M$! !!!%!!!! !

!

!!!&'!"L$!%!"M$!+,-'/'>+*0!

"N$!! !

!!!

!!O/+!9','! -'/'<!:@.9;9+!9'!/+!>@5-.75.:;<!;>,+*! -8<>./+*!9'! "N$!7+<!@/! -8<>./+!9'! 5;! ?+<>;!

P!7+<F@'!'/-+/:'*!@/+!+,-'/9<G;!@/;!'Q7<'*.A/!'/!9+/9'!!"#$%&'()*#$+,'"#$"),--*&$.-*#$

/*)*#! " !%! ! '/! '5! 5;9+! .JF@.'<9+R! !%! ! '/! '5! 5;9+!9'<':S+$D!01-1$ */(.1-$ *#.1$ "2*-1)(3&$

(--*4,!1-5$ +*6"-$ #*$ '*#1--"!!*$ !1$ 2-,*71$ )"+"$ #(4,*5$ 1$ 21-.(-$ '*$ !1$ +(#+1$ *),1)(3&$ 89:;$!!!

T@*-.-@.>+*! 5+*! G/9.:'*! >@9+*! ! %! ! ! '/! '5! -8<>./+! ;5! 5;9+! 9'<':S+! 7+<! ! %! !

<'*7':-.=;>'/-'P!7;<;!+,-'/'<0!

"U$!! !

"(V$!! !

!

!!!&;9+!F@'! P!*'!*.K@'!F@'0!

"(($!! !
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!!!!"#! $%! &'(%')*#! +,,-! .(./)/()01.! ! 2! ! .)#! 3%44%! 514! ! ! '1#! 3%44%6! 2! 7)'&87&4.%6! 2!

.(./)/()01.!$1.!9#:)'&.! !2! !514! !2! 6!!2! !2! !514! !2! 6!%4%!13/&#&4!!"#$!%&'(#)*$(+,'#

-%+.!(&/";!

+,<-!! !!!=>">?>!

!

A2. Símbolo de Christoffel, primera especie 
!

!!!"$!.9031$1!:&!@A4)./1BB&$!:&!54)0&4%!&.5&')&!.&!:&B)#&!'101!.)C(&;!

+,D-! !

!

!!!E*/&.&!F(&!$1.!:1.!54)0&41.!9#:)'&.!$)34&.!&#! !.1#!.)0G/4)'1.6!&.!:&')46! >!H)!(#1!

A%'&!$%!54(&3%!2!/10%!&#!'(&#/%!F(&!&$!/&#.14!0G/4)'1!&.!.)0G/4)'1!+ -6!'105413%4I!F(&!

%031.!.9031$1.!:&!@A4)./1BB&$!$$&7%#!%!$%!0).0%!:&B)#)')*#!+,D->!?&B)#)01.!$%!.)C()&#/&!$&2!:&!

/4%#.B140%')*#;!

+,J-!! !

!

!!!K&'(&4:%;!

+,<-!! !!! !! !!!!

!

!!!?&!+,<-!.&!13/)&#&;!

+,L-! !!!!

!

!!!?&!+,J-!2!+,L-!.&!13/)&#&;!

+,M-!! !

!

!!!H%'%#:1!$%.!:&4)7%:%.!5%4')%$&.!:&!$1.!/4&.!/G40)#1.6!2!/10%#:1!&#!'(&#/%!F(&!514!$%!4&C$%!:&!$%!

'%:&#%6!! !!13/&#&01.;!

!

+,N- !

+,O- !
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"#$% !

!

!!!&'()*!+,-./! 0(.!1.*! 2123,310,4.!5-! 6.5,0-2!715(2! " !8! %!-.!-9! 2-:1.5(! 3;)7,.(!5-9! 9*5(!

5-)-0'(! 5-! "#<%/! ;23-! =! -9! >),7-)! 3;)7,.(! 5-9! 9*5(! 5-)-0'(! 5-! "#$%! 2-! *.19*.?! =/! 0(.! 1.*!

2123,310,4.!2-7-@*.3-!-.!-9!>),7-)!3;)7,.(!5-9!9*5(!5-)-0'(!5-!"#A%/!;23-!=!-9!2-:1.5(!3;)7,.(!

5-9!9*5(!5-)-0'(!5-!"#$%!3*7+,;.!2-!*.19*.B!C()!9(!3*.3(/!2,!2123,31,7(2!"#<%/!"#A%!=!"#$%!-.!"#D%/!

(+3-.-7(2E!

"FG%! H !

!!!!!!!!!!!!!!!!!!! !

!

!!!I(3*7(2! 9(2! 6.5,0-2! 715(2! ! -.! -9! 2-:1.5(! =! 3-)0-)! 3;)7,.(! 5-9! 9*5(! 5-)-0'(/! >*)*!

(+3-.-)E!

"F#%! H !

!!!!!!!!!!!!!!!!!!! !

!

!!!!!!&'()*!5-J,.,7(2!1.!.1-K(!267+(9(!5-!L'),23(JJ-9/!*!2*+-)E!

"FF%! !

!

!!!L(7+,.*.5(!"F#%!=!"FF%/!>(5-7(2!5-J,.,)! "0(.!+*))*%!-.!3;)7,.(2!5-! "2,.!+*))*%E!

"FM%! !

!

!!!!N2!0(.K-.,-.3-!0(7-.3*)!*9:1.*2!0*)*03-)623,0*2!5-!-23-!(+@-3(B!

*%! !-2!1.!>2-15(O3-.2()/!>()P1-!2,!+,-.!-2!0,-)3(!P1-!*9!9*5(!5-)-0'(!5-!"FM%!*>*)-0-!!

!!!! /!0(7(!-2!>)(>,(!5-!1.*!-01*0,4.!3-.2(),*9/!3*7+,;.!*>*)-0-!!

!!!! /!9(!P1-!.(!-2!>)(>,(!5-!1.*!-01*0,4.!3-.2(),*9B!

!

+%! !-2!1.!>2-15(O3-.2()!!"#$%&"'(/!>()P1-! Q /!0(7(!2-!0(7>)1-+*!*!0(.3,.1*0,4.E!

"#R%!! !

!!!!

!!!!!!&.S9(:*7-.3-E!
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"#$%&! !

!

!!!'()*+!,-./0!1+1)!23.!.4! 5./6)*!785*-9)! .6! 6-785*-9)0! 9)7)! 6.! 9)7:*),;!+**-,+! ./! 4+! 5.*9.*+!

),6.*<+9-;/!" 0!.5985.*+&0!9)/65+!23.!! = >!

9&! !6.!:3.1.!*.:*.6./5+*!:)*!3/+!7+5*-?!9@,-9+!9)/!A$!9)7:)/./5.60!1.!4)6!93+4.60!!

!!!!!:)*!6.*!3/!:6.31)B5./6)*!6-785*-9)0!C$!6)/!-/1.:./1-./5.6!

!
A3. Símbolo de Christoffel, segunda especie, derivada de la primera especie 
!

!!!D.93.*1+E!

"CF&! !

!

!!G!5+7,-8/E!

"C$&! !

!

!!H4!6I7,)4)!1.!J(*-65)KK.4!1.!6.L3/1+!.6:.9-.!6.!1.K-/.!9)7)!6-L3.E!

"CM'&! !

!

!!!H4!6I7,)4)!1.!J(*-65)KK.4!1.!6.L3/1+!.6:.9-.0!.6!6-785*-9+0!+4!-L3+4!23.!.4!1.!:*-7.*+!.6:.9-.!

"<8+6.! +**-,+&0! .6! 1.9-*0! >! '/N4)L+7./5.0! 9+7,-+/1)! 6)4+7./5.! 4)6! I/1-9.60!

),5./.7)6
#OFA
! "CM%&!

!

!

!!!H65.! 6I7,)4)! 1.! J(*-65)KK.4! 5-./.! 4+! 6-L3-./5.6! 9+*+95.*I65-9+6E! +&! .6:+9-)B5-.7:)! 1.! 93+5*)!

1-7./6-)/.6P!,&!5*.6!I/1-9.60!9+1+!3/)!1.!4)6!93+4.6!9)**.!1.!#!+!$P!9&!4)6!1)6!I/1-9.6!1.!+,+Q)!6)/!

6-785*-9)6P!1&!(+G!A$!9)7:)/./5.60!23.!6.!:3.1./!*.:*.6./5+*!./!3/+!7+5*-?!9@,-9+0!1.!4)6!93+4.6!

C$!6)/!-/1.:./1-./5.6!G!$R!1.:./1-./5.6>!

!

!!!S+1+!4+!*.L4+!"L&!+**-,+!1+1+0!:)1.7)6!.69*-,-*!4+!"CM'&!9)/!,+**+E!

"CMJ&!!! !!

!

!!!G!5+7,-8/E!

"CMS&!! !!

!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
#OFA
!T+/6!U5.:(+/-0!!"#"$%&'("&%)*+*),-'C/1!.1>"#VVR&E!M0!.93+9-;/!#>#A!
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!!!"#$%&%#'()*+!,-./!0!,-1/!()!,-23/4!+5%()(6+$7!

,-8/!! !

!

,-9/! !

!

,-:/! !

!

!!!;)!(<!=>&6(>!%?>6&)+!*(<!<@*+!*(>(AB+!A@65&@6+$! !=+>! !!

,-C/!! !

!

,.D/!! !EF;FGF!

!
A4. La ‘derivada covariante’ 
!

A4.1. La derivada covariante de un tensor covariante: 
,.H/! !()!*+)*(! !$+)!<&5>($!'! !!($!6#*+!

!

!!!I(A#(>*@!(<!+5J(%+!,H./!'!<@!<('!*(!%>@)$K+>6@A&L)!,.D/7!

,H./! !0!

,.D/! !

!!!"(!6#<%&=<&A@)!@65+$!<@*+$!*(!<@!(A#@A&L)!,.D/!A+)! !

,.-/!! !

,../!!! !

,.1/!!! !

,.2/!! !

!

I(A+>*@>!M#(!#)!%()$+>!A+N@>&@)%(!$(!*(K&)(!A+6+!$&O#(7!
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"#$%!! !

!

!!!&'!"#(%!)!"#$%*!+,-'.'/+01!

"#2%! !!!

!

!!!345678/+0! '.! '5! 95-6/+! -:;/6.+! 58! ;'<58! ='! 58! 78='.8! )! 0>0-6->6/+0! '.! '5! 95-6/+! -:;/6.+! !!

"?>'!'0!/>=+%!4+;! !)!'.!'5!4;6/';!-:;/6.+!='5!58=+!=';'7@+!0>0-6->6/+0! !4+;! A!

"#B%! !!!

!

"#C%!! !

!

!!!D.! '5! 58=+! 6E?>6';=+! ='! '0-8! '7>876F.! -'.'/+0! -:;/6.+0! 7+.! ,8;;8! )! '.! '5! 58=+! =';'7@+!

-:;/6.+0!06.!,8;;8G!H+;!'5!I87-+;!! !'.!'5!58=+!=';'7@+!J'/+0!?>'!0'!-;8-8!='!>.!-'.0+;G!

K+0! -:;/6.+0! 7+.! ! '.! 8/,+0! 58=+0! 0+.! !"#$ %&'(")*#$ +*$ '"))*'',-.! ?>'! -+/8.! '.! 7>'.-8! 58!

7>;J8->;8! ='5! '04876+G! L6! '0-+0! I87-+;'0! I>';8.! 7';+*! 7+/+! '.! '5! 780+! ='5! '04876+! 458.+*! 58!

'7>876F.!0';M8!58!06<>6'.-'1!

"NO%! !

!

!!!K8!'7>876F.!"#C%!0'!'07;6,'!-8/,6:.!='!58!06<>6'.-'!/8.';81!

"NP%! !

!

!!!3@+;8!,6'.*!4+;!='I6.676F.1!

!

"NQ3%! !"7+.!+!06.!,8;;8%!

!

!!!R+/,6.8.=+!"NP%!)!"NQ3%!+,-'.'/+01!

"NQS%! !

!

!!!D0-80!0+.!7+.J'.76+.'0!?>'!8!J'7'0*!85!4;6.76468.-'*!7+.I>.='.!/T0!='!5+!?>'!5'!8)>=8.*!4';+!

@'/+0! ='! ;'7+.+7';! '0-+0! -:;/6.+0! 7>8.=+! 5+0! '.7+.-;8/+0*! 8>.?>'! 4+='/+0! 8,0-'.';.+0! ='!

>08;5+0G!



! 647 

!

A4.2. La derivada covariante de un tensor contravariante: 
!!!"#$%&'(&!)*#!*+!,#+-%&!$%+,&(.(&/(+,#!-#!'#0/+#!$%1%!-/2*#3!

4567!! !

!

!!!89:/$(1%-!:(!&#2:(!'#!:(!$('#+(!(!:%-!'%-!;:,/1%-!,<&1/+%-!'#!:(!#$*($/=+!45673!

4557!!! ! !

!

!!!"#$%&'#1%-3!!

46>7!! !

!

!!!8+?:%2(1#+,#!4$%1%!#+!#-9#@%73!

45>7!! !

45A7!!! !

!

!!B+! #:! ,#&$#&! ,<&1/+%! %C-#&.(1%-! )*#! ! D! :*#2%! -*-,/,*/1%-! ! 9%&! ! D!

&#$%&'(1%-E!('#1?-E! !D!#+!#:!$*(&,%!,<&1/+%!-*-,/,*/1%-! !9%&! 3!

45F7!! !! !

!

45G7!! !! !

45H7!!!! !!!

!

!!!I#0/+/1%-!:(!'#&/.('(!$%.(&/(+,#!'#!*+!,#+-%&!$%+,&(.(&/(+,#!$%1%!-/2*#3!

4>J87! !4$%+!%!-/+!C(&&(7!

!

!!!K%1C/+(+'%!45H7!D!4>J87!%C,#+#1%-!:(!:#D!'#!,&(+-0%&1($/=+!'#!:(!'#&/.('(!$%.(&/(+,#!'#!*+!

,#+-%&!$%+,&(.(&/(+,#!3!

4>JL7! !

!

A 5. Símbolos de Christoffel en ecuaciones con tensores de rango superior 
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!

!!!"#$#!%&%'()$!*#+!&('#(),-&+!%&!*#!$&*#.)/)%#%!0&-&$#*1!+&!$&2')&$&-!.&-+,$&+!%&!$#-0,!+'3&$),$1!

$#45-!3,$!*#!('#*!#!(,-.)-'#()5-!#-#*)4#$&6,+!&+.,+!,78&.,+9!:-%&3&-%)&-.&6&-.&!%&*!-;6&$,!%&!

<-%)(&+!=&*!$#-0,>!%&*! .&-+,$1!&*!+<67,*,!%&!?@$)+.,AA&*!+)&63$&!.)&-&!.$&+! <-%)(&+1!%&!*,+!('#*&+!

*,+!3$)6&$,+!%,+!+,-!+)6B.$)(,+9!!

!

!!!C&(,$%&6,+D!

=EFG>! !=(,-!,!+)-!7#$$#>!

=HIG>! !=(,-!,!+)-!7#$$#>!

!

!!!?,6&-.&6,+!&+.#+!%,+!%&A)-)(),-&+D!

#>! J,+!<-%)(&+!*)7$&+! !K! !+)0'&-!&-!&*!6)+6,!*'0#$9!

7>! ! K! ! ! +,-! ('#%$)/&(.,$&+1! 3&$,! &+.,+! ('#%$)/&(.,$&+! &-! &*! A#(.,$! %&! (,$$&(()5-!

(#67)#-!+'!<-%)(&!*)7$&!3,$!'-!<-%)(&!6'%,!= !K! >9!

(>! J#!3,+)()5-!%&*!<-%)(&!6'%,!&+!*#!6)+6#!2'&!%&*!<-%)(&!*)7$&!= !K! 9!

%>! ",$!!"#"$<-%)(&!*)7$&!%&!'-!.&-+,$!&L)+.&!'-!A#(.,$!%&!(,$$&(()5-!=(,-! >!

!

!!!M&#6,+!#*0'-,+!&8&63*,+D!

!

=HN>!(,/#$)#-.&!+&0'-%,!,$%&-D!!!!!!!!!!!!!! !

=HF>!(,-.$#/#$)#-.&!+&0'-%,!,$%&-D!!!!!!! !

=HO>!6)L.,!+&0'-%,!,$%&-D!!!!!!!!!!!!!!!!!!!!!! !

=HE>!6)L.,!.&$(&$!,$%&-D!!!!!!!!!!!!!!!!!!!!!!!!!! !

!

!!!J#!%&$)/#%#!3#$()#*!%&!'-!+<67,*,!%&!?@$)+.,AA&*1!(,-!7#+&!&-!=FH>!&+!*#!=HH>D!

=FH>! !

=HH>!! !

!

!!!P+.&!,78&.,!=HH>!+&!'+#!&-!&*!.&-+,$!%&!C)&6#--Q?@$)+.,AA&*1!&-!*#+!&('#(),-&+!%&!*#!$&*#.)/)%#%!

0&-&$#*9!

!

!!!P-!6#.&$)#!%&!.&-+,$&+!%&!$#-0,!+'3&$),$!+,-!)63,$.#-.&+!%,+!.&,$&6#+D!

!

:9Q!P*!.&,$&6#!%&*!(,()&-.&9!R)!+&!6'*.)3*)(#!'-!,78&.,!%&+(,-,()%,!3,$!'-!.&-+,$!"%&'(%"%')! =%&!

('#*2')&$!$#-0,>!K!&*!$&+'*.#%,!&+!,.$,!.&-+,$! 1!&-.,-(&+!+&!+)0'&!2'&!.#67)B-!&*!,78&.,!&+!'-!

.&-+,$9!P8&63*,+D! !K! !+,-!.&-+,$&+!#$7).$#$),+9!

=HS>! !
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"#$%! !

!

&&'(!)*!+,-./*+*!01/*-.*23,!+,!04*564.,-!3,271-!893-.01! !"64,:!;1-!+,<.2.0.=2!,7!+,5!-*2>1!+17%:!

7,!018;1-3*!0181!5*!+,-./*+*!+,!42*!01273*23,!?:!;1-!51!3*231:!,7!0,-1'!@A,8;51B!

"#C%! !

!

!!!D-4,E*B!

"#F%! !

!

!!!G,01-+,817B!

"HH%! !

!

!!!IJ1-*!E.,2:!012!E*7,!,2!"HH%!1E3,2,817B!

"KL%!! !

"KM%!! !

!

!!!N,!"KL%!?!"KM%!1E3,2,817B!

"KH%! !

!

!!!N,!"#F%!?!"KH%!1E3,2,817B!

"KO%! !!!!P'@'N'!

!

!!!N,!,73*!/,-+*+!" %!7,!+,+40,!42*!0120547.=2!.8;1-3*23,:!2,0,7*-.*!;*-*!5*7!,04*0.12,7!

+,! 5*! -,5*3./.+*+! >,2,-*5:! *! 7*E,-:! 64,! 7,! ;4,+,2! E*A*-! ?! 74E.-! Q2+.0,7! ;1-! 8,+.1! +,5! 3,271-!

893-.01:!;1-!,A,8;51B!

!

"KR%! !

!

B. LOS TENSORES DE RIEMANN Y DE RICCI 
 
B 1. Derivación del tensor de Riemann 
!

!!!!!I5! 0127.+,-*-7,! 5*7! 7,>42+*7! +,-./*+*7! 01/*-.*23,7! 0-4S*+*7! +,! 42! 3,271-:! 7,! 1E3.,2,! 5*!

,T;-,7.=2
M$O$
! ,2! +12+,! ! ! 7,! 55*8*! "#! $"%&'(! )"! *+",-%%'! I! 0123.24*0.=2! 7,! 01273-4?,!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
M$O$

U*27!V3,;J*2.:!!"#"$%&'("&%)*+*),-'H2+!,+'"MFFL%B!#R:!,04*0.=2!K'R!
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"#$%&'()*+",)"!"-)"!./0").!1!-"!"#$%('*,!*%23,*-!4"!-3-!$5.$("4*4"-!63,4*+",)*%"-7!8-)"!)",-.5!

"-!4"!-3+*!(+$.5)*,'(*!",!%*!)".5&*!4"!%*!5"%*)(9(4*4!2","5*%7!

!

!!:"'.54"+.-;!

<=>?!! <'*+/(*,4.!/*55*!1!,.@/*55*?!

<A>?! !

!

!!!BC.5*!-3/(+.-!%*!"'3*'(D,!*!3,!.54",!-3$"5(.5;!!

<AA?! !

<AE?!! !

!!!!!!!!!F !

!

!!!B$%('*,4.! <A>?! ",! "%! -"23,4.G! '3*5).! 1! H3(,).! )I5+(,.!4"! <AE?G! ./)","+.-! <5"'.54"+.-!H3"!

!-.,!&,4('"-!%(/5"-!1! !-.,!&,4('"-!+34.-?;!

<AJ? K !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! F!

!

!!!B253$*+.-! %.-! )I5+(,.-! 1! -3-)()3(+.-! &,4('"-! +34.-! $.5! .)5.-7! 8,! "%! $5(+"5! )I5+(,.! 4"%!

$5(+"5!253$.!-"!-3-)()31"! !$.5! ;!

<AL? F F !

!

!!!8,!"%!-"23,4.!)I5+(,.!4"%!-"23,4.!253$.!-"!-3-)()31",! !$.5! G! !$.5! !1! !$.5! G!1!",!"%!

)"5'"5!)I5+(,.!-"!-3-)()31",! !$.5! G! !$.5! !1! !$.5! ;!

<EM? F!

!!!!!! F!

!!!!!! K N!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !
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!

!!!!"#!$%!&$'($'!)'*+,!-*-&.&*./,-!$#!$%!-$)*#0,!&1'/.#,! !+,'! 2! !+,'! 2!3! !+,'! !3!$#!$%!

&$'($'!&1'/.#,! !+,'! 4!

5678 9!

!!!!!!! 9!

!!!!!!! : !!! !

!

!!!;*/<#0,!5=>82!56?82!56782!,@&$#$/,-4!

56A8 !

!!!!!!!9 ! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!!!B#C%,)</$#&$!-$!0$0*($!D*$4!

56E8 !

!!!!!!!!9 ! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!

!!!F<0,! D*$! 56A8! 3! 56E8! -,#! 0$'.G<0<-! ,'0.#<'.<-! ('*H<0<-2! 3! 0<0,! D*$! 0$'.G<0<-! I*#(.,#$-!

('*H<0<-! (,#&.#*<-! -,#! .)*<%$-2! -$! -.)*$! D*$! 56A8! /$#,-! 56E8! $D*.G<%$! ($',J! F<0,! D*$! %,-!

&1'/.#,-!$#&'$!+<'1#&$-.-!0$%!K%&./,!&1'/.#,!0$!56A8!$D*.G<%$#!<!%,-!&1'/.#,-!$#&'$!+<'1#&$-.-!0$%!

K%&./,!&1'/.#,!0$!56E82!$! .#&$'(</@.<#0,!%,-! L#0.($-!/*0,-! !3! !$#!$%!-$)*#0,!&1'/.#,!0$%!

%<0,!0$'$(M,!0$!56E8!$%!'$-*%&<0,!0$!$-&<!'$-&<!$-!$%!-.)*.$#&$4!

56N89!O56A8P56E8Q9 !

!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!

!!!BM,'<!@.$#2!0$I.#</,-!0,-!!"#$%&"$'("')*"+,##2!R+<'<!#,!$-('.@.'!&<#&,S
76ET
4!

56U8! !

56=8! !!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
76ET
!!V<#-!;&$+M<#.2!!"#"$%&'("&%)*+*),-'A#0!$0J57>>?84!WXY!3!UE2!$(*<(.Z#!=JE!5-*-&.&*3$#0,!$#!56E8!$%!L#0.($!/*0,!

!+,'! 8!



!652 

!

!!!"#$!%#!&'(&#)!*+*&,&+-.(/#!0123!-!0143!.(!0153)!#6&.(.7#*8!

0113! !!

!

!!9+%&,:%,;'7#*!'76#*!&<$7,(#*!;#(! 8!

01=3! !!

!

!!!>'/#!?+.8!

01@3! !!

!

!!!>.!01=3!-!01@3!*.!#6&,.(.8!

0=A3! !

!

!!!BC#$'! 6,.()! *,! ;#7:'$'7#*! 0123! -! 0=A3! 0*+*&,&+-.(/#! .(! 0123! ! :#$! 3)! #6*.$D'7#*! ?+.!

'76'*!.;+';,#(.*!/.E,(.(! )!!"#$%&$'()"#*("#+,-.#"!#(&#/"&!%0#1"#02&3%#$(2/0%#)#/4"&"#5-6#

$%78%&"&/"!9#:"#8("1"#120#"&#;%072#74</2#%#"&#;%072#$%=2042&/">#

0=F3! !

!

!!G(!&.(*#$!/.!H,.7'((!&,.(.!'%I+('*!:$#:,./'/.*8!

0=J3!!;#(7+&';,K(!*,7<&$,;'8! !0L4!;#7:#(.(&.*!,(/.:.(/,.(&.*3!

0=L3!!;#(7+&';,K(!'(&,M*,7<&$,;'8! !0JA!;#7:N!,(/.:N3!

0=53!!;#(7+&';,K(!;O;%,;'8! !

!

B 2. El tensor de Ricci 
!!G*!:#*,6%.!.*&'6%.;.$!,/.(&,/'/.*!:'$'!%'!7<&$,;'! !;#(!6'*.!.(!%'*!:$#:,./'/.*!/.%!&.(*#$!/.!

H,.7'((!-!7P*!*,7:%.7.(&.)!;#(!"'#/"&!%0#1"04=21%#1"#'2#$%&/02$$4?&#1"'#/"&!%0#1"#@4"72&&#

*("#!"#''272#/"&!%0#1"#@4$$4N!"#$!%#!&'(&#)!.%!/"&!%0#1"#@4$$4!*.!/.$,D'!/.%!&.(*#$!/.!H,.7'(()!

;#(&$'-.(/#!O(/,;.*N
F1L@
!Q#%'7.(&.!.R,*&.!+('!;#(&$';;,K(!,(/.:.(/,.(&.)!?+.!&,.(.!+(!D'%#$!(#!

;.$#)!?+.!%%'7'7#*!.%!&.(*#$!/.!H,;;,8!!

0123! !!

0=2!B3! !!!

!

!!!>.!0=2!B3!#6&.(.7#*!"'#/"&!%0#1"#@4$$4#0%'!=13!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
F1L@
!S'(*!Q&.:C'(,)!!"#"$%&'("&%)*+*),-'J(/!./N0F@@A38!TUV!-!21)!.;+';,K(!4NJF!
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"#$%&!! !

"#'&! !

"#(&!)*!+)!,*+-./!01+!! !

!

B 3. El escalar de curvatura 
!!!23-3! +4! +).354+,*6*+7./! 8+! 43)! +,13,*/7+)! 8+! 9*7).+*7:! )+! 1.*4*;3! !"# $%&'("$$)*&# +,!# ',&-%(#

.)/'%#+,#0)$$):!
<(=>
?!!94!,-$"!"(#+,#$1(2"'1("#+,#0)$$)!)+!8+@*7+!,/6/!+7!"##&!A!.*+7+!34B173)!

C-/C*+838+)!01+!+7,/7.-36/)!+7!43!+,13,*D7!"#E&F!

"##&! !

"#E&! !

!

!!!97!43!"E>&!+4!C-*6+-!A!.+-,+-!@3,./-!)/7!*B134+):!8+!6/8/!01+!C/-!"#(&!)+!)*B1+!01+F!

"E>&! !!

!
B 4. El tensor de Riemann y la curvatura del espacio 
!!!G+@*7*6/)!43!8+-*H383!)+B1783!,/7.-3H3-*37.+!8+4!.+7)/-! !,/6/! !F!

"E<&! !!

!

!!!I+,/-8+6/)F!

"EJ&! !

"EK&! !

"E=&! !

!

!!!L1).*.1*6/)!"EJ&:!"EK&!A!"E=&!+7!"E<&:!C3-3!/5.+7+-!"E$&!A!37M4/B36+7.+:!"E'&F!

"E$&! !!

"E'&! !!

!

!!94!C-*6+-!.N-6*7/!8+4!438/!8+-+,O/!8+!"E$&!+)!*B134!34!C-*6+-!.N-6*7/!8+4!438/!8+-+,O/!8+!"E'&P!

.365*N7!+4!.+-,+-!.N-6*7/!8+4!438/!8+-+,O/!8+!"E$&!+)!*B134!34!,13-./!.N-6*7/!8+4!438/!8+-+,O/!8+!

"E'&:!A!3)Q!)1,+)*H36+7.+!+4!,13-./!.N-6*7/!"E$&!A!+4!.+-,+-/!"E'&:!+4!)+R./!"E$&!A!+4!)+R./!"E'&:!A!

+4!)NC.*6/!"E$&!A!+4!)NC.*6/!"E'&?!2/-!4/!.37./!"E$&!6+7/)!"E'&!7/)!83F!

"E(&! !

!

!!!SO/-3!5*+7:!-+,/-8+6/)
<(=<
F!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
<(=>
!T37)!L.+CO37*:!!"#"$%&'("&%)*+*),-'J78!+8?"<EE>&F!$(:!+,13,*D7!'?JJ!

<(=<
!T37)!L.+CO37*:!!"#"$%&'("&%)*+*),-'J78!+8?"<EE>&F!UVW!!
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"#$% !

!!!!!!! ! !!

!

!!!&'()*)'*+,(!"#$%!-.!"#/%0!1232!,4)-.-35!

"##% !

!

!!!&*! 0! -()2+,(!-.!-6! -(127*,!8-!9*.:,;(:*! "(*.! 72+1,!<32=*)27*,.26%0! 7,.!-6!

(>+4,6,!8-!?@3*(),AA-6! *<'26!2!7-3,! "7,,38-.282(!723)-(*2.2(%!B!8*A-3-.)-!8-!7-3,! "7,,38-.282(!

-(AC3*72(!,!7*6>.83*72(%D!&*! 0!-()2+,(!-.!'.!-(127*,!7'3=28,!<32=*)27*,.26+-.)-0!

7,.!-6!(>+4,6,!8-!?@3*(),AA-6!8*A-3-.)-!8-!7-3,D!

!

B5. Identidades de Bianchi 
!!!E23)*+,(!8-!62!(*<'*-.)-!*8-.)*8285!

"FGG% !

!

!!!9'6)*16*72+,(!6,(!)C3+*.,(!7,.! 5!

"FGF%! !

!

!!!H27-+,(!'.!*.)-36'8*,!1232!7,+13,423!I'-! 5!

"FGJ%! !

"FGK%! !

!!!!!!!!!!!!!!!!!! !

!!!!!!!!!!!!!!!!!! !

!

!!!L-! 6,(! (*-)-! )C3+*.,(! 8-6! 628,! 8-3-7@,0! -6! 13*+-3,! 2.'62! 62! ('+2! 8-6! (-<'.8,! M! I'*.),N! -6!

)-37-3,!2.'62!-6!(C1)*+,N!M!-6!7'23),0!-6!(-O),D!E,3!6,!)2.),5!

"FGP%! N!

!

!!!Q.R6,<2+-.)-!(-!1'-8-!8-+,()323!I'-5!

"FGS%! !

!

!!!Q@,32!4*-.5!

"FGT%! !

"FG/%! !

"FG$%! !

!

!!!U,(!)C3+*.,(!"FGT%0!"FG/%!M!"FG$%!(,.!6,(!8-!62!-7'27*B.!"FGF%!M0!1,3!6,!)2.),5!
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"#$%&! ! !

!

!!!'()*+,)+-./01!*0201!)01!*34/+501!-05! 6!

"##$&! !

"###&! !

"##7&! ! !

"##8&! ! !

"##9&! ! !

"##:&! !

"##;&!! !

!!!

!!!!!"#$"%&#$&%'('&)$(%*&+%,"-()"'.&)$(%'"$&'/$.0(1%&+%(23&$(%&)$,&%4",5)$&#.#%&)%+"%&06"0.7)%

8891%"%#"2&,1 1%,&4,&#&)$"%+"%:&('&$,;"%06,<"1%"+%.:6"+%=6&%+(#%$&)#(,&#%*&%

>.&'")% ?@A% B% @9C% &+% $&)#(,% *&% >.00.% ?D@C% B% &+% &#0"+",% *&% 06,<"$6,"% *&% >.00.% ?DDC1% =6&% )(#%

++&<",()%"%+"%?889CE%F+"'&'(#1%4(,%"G(,"1%"+%$&)#(,%*&%H.)#$&.)% 1%"0+",")*(%=6&%&#$&%(23&$(%

$(*"<;"%)(%$.&)&%).):I)%#.:).J.0"*(%J;#.0(E%

!

C. EL LÍMITE NEWTONIANO DE LA ECUACIÓN DE LAS GEODESICAS 
 
C1. La geodésica del espacio curvo 
 
1. La ecuación de Euler-Lagrange 
!

!!!<)! 20/+5+0! 2=! ).! >(5-+05.)! =1! =)! -05?(5*0! 2=! >(5-+05=1! @! A5! =?=/,)06!

@!<5!=)!-.10!,.4*+-().4!2=! B!1=!1+C(=!D(=!!

@!

!

!!E.!F>(5-+05.)G!1=!))./.!F.--+H5G!-(.520!=5*4.!=)!>.-*04!*+=/,0@!

"##I&! B!!

!!!=5!2052=!

"##J&!! !K!

"##%&! !
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!!!"#$%!&'(! !()!'*#! +'*,-.*!$(! /! )(!)-0'(!&'(!(*!,'#1&'-(2!3'*4%!$(1! 4-(53%! /! 1#! +'*,-.*!

4-(*(!'*!6#1%2! !$(4(25-*#$%!3%2! !

789:;!! !

!

!!!<=%2#!>-(*/!>'),#5%)!'*#! !4#1!&'(! !)(#!'*!(?42(5%/!5@?-5%!%!5A*-5%B!

7898;!! /!!

!!!C!%42#!+'*,-.*/!,(2,#*#!#!1#!5A*-5#/!,%5%B!

!

7899;!! !

!!!(*!$%*$(B!

789D;!! !$(+-*(!1#!$()6-#,-.*!$(!1#!2'4#!5A*-5#!

789E;!! !()!(1!+#,4%2!(),#1#2!&'(!$(+-*(!1#!5#0*-4'$!$(!1#!$()6-#,-.*!

789F;!! !

789G;!! !

789H;!! !

!

!!!I*!!"#$%&'(%)"#! !C! !$(!1#)!$%)!,'26#)/!J)4#)!,%53#24(*!(1!5-)5%!6#1%2/!$(!5%$%!&'(!#11AB!

789K;!! !

789L;!! !

!

!!!M#!#,,-.*! !4-(*(!*+$%&'(%)"!(*!! !)-!

78D:;! !

!

!!!"(!7898;!C!789L;/!%>4(*(5%)B!

78D8;!! !

!

!!!N%2!1#!2(01#!$(!1#!,#$(*#!$(!'*#!+'*,-.*!&'(!$(3(*$(!$(!$%)!6#2-#>1()B!

78D9;!! !

!

!!!"(!789F;/!789G;!C!78D8;/!%>4(*(5%)B!

78DD;! !

!

!!!"(!78D:;!C!78D9;/!%>4(*(5%)B!

78DE;!! !
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!!!"#$%&%#$'%#(%)%#(%!$%!*+!,#(%-'+-.!&+-!$%/'#'0'1#2!

34567!! !

!

!!!89:('(9')+:!34567!%#!345;72!

345<7!! !

!

!!!=>+-,!?'%#.!!

345@7!! !

345A7!! !

!

!!!89:('(9')+:!345A7!%#!345<7!&,-,!+?(%#%-B!

345C7! !

!

!!!=>+-,!?'%#.!%:!')&+-(,#(%!+?:%-D,-!E9%!%#!F%#%-,*2!

34;G7!! !

!

!!!H%!345C7!I!34;G7.!+?(%#%)+:2!

34;47!! !

!

!!J%0+-$%)+:!0+#!?,:%!%#!34K67!I!34K<7!E9%.!:'! !

34;K7!! !!!L!

34;57!!! !

!

!!!M+)?'#,#$+!34;47.!34;K7!L!34;57.!+?(%#%)+:2!

34;;7!! !!!

!

!!!N,!34;;7!%:!*,!%09,0'1#!$%!O9*%-PN,F-,#F%.!E9%!#+:!$,!*,:!0+#$'0'+#%:!#%0%:,-',:!I!:9/'0'%#(%:.!

&,-,!*,!D,*'$%Q!$%! B!O*!:%F9#$+!(R-)'#+!$%!34;;7!%:!*,!N,F-,#F',#,B!

!

!"#$%#&'()%*+'%#,-(#+./)%#0*)/0#&.(#12*).(#0*#2*#13%*.#

#

!!!J%0+-$%)+:2!

34;67!! !
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"#$%&! !

!

!!!'(!)*+)!,-*.!"#$%&/! !)*!*.0-1)(+)!2(-!32(,45(!6)! /!6)!1.6.!72)8!

"#$9&! ! !

"#$:&! !

!

!!!;<.=-!->04,-1.*!0-!),2-,45(!6)!'20)=?@-A=-(A)8!

"#$$&! !!!

!

!!!B-6.!72)!

"#$%&! ! ! !

!

!!!C2*+4+2D)(6.!"#$%&!)(!"#$$&/!.E+)()1.*8!

"#$F&!! !!G!

!

!!!H),.=6)1.*8!

"#$%&! !

"#IJ&!! !

!

!!!C2*+4+2D)(6.!"#IJ&!)(!"#$F&/!.E+)()1.*8!

"#I#&!! !

"#IK&!! !

"#IL&!! !

!

!!!@-!32(,45(!"#IL&!=)>=)*)(+-!2(-!=),+-/!0.!72)!,.1>=2)E-!72)!0-!64*+-(,4-!1M*!,.=+-!)(+=)!6.*!

>2(+.*!)(!2(!>0-(.!)*!2(-!=),+-N!

!

!"#$%#&'()%*+'%#,-(#+./)%#0*)/0#&.(#12*).(#0*#03#0(1%+'.#+2/4.#5&0#+2%)/.#&',0*('.*0(6#

#

7(1%+'.#13%*.#58#&',0*('.*0(6###7(1%+'.#+2/4.#59#&',0*('.*0(6#

!!!!!!!!!!!!!!!!!!!!"#I$&! #
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!!!!!!!!!!!!!!!!!!!!!!!"#$$%!! !!"#$%#&$'#&#(!

!!!!!!!!!!!!!!!!!!!!!!!!!!"#$&%!! !

!!!!!!!!!!!!!!!!!!!!!!!!"#$'%!! !!!)*+,%-"#$%#&$,(!

()*+,-).,+/!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!()*+,-).,+/!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!"#$0%!! !!+#.$,/012'3#(!

!

1.2)34/!

"#$5%! !!

!

"#&6%! !

!!!!!!!!!!!!!!!! !

!!!!

!!!!!!!!!)7!8+78)!,+*!9.)*!:4;9+.)*!8)<)78)7!8)! =!

!

"#&#%! !

!

!!!1+.!8):>7>;>?7/!

"#&@%! ! ! !! !!!)7!8+78)! !)*!27!<4.AB)9.+!;24,C2>).!

!

!!!D+B3>7478+!"#&#%!E!"#&@%F!+39)7)B+*/!

"#&G%! !

!!!!!!!!!!!!!!!!!!!!!! !

!

!!!D+B3>7478+!"#$'%F!"#$5%!!E!"#&G%F!E!B2,9><,>;478+!9+8+*!,+*!9H.B>7+*!;+7! !+39)7)B+*/!

"#&I%! !!!! !

!

!!!JK+.4!B2,9><,>;4B+*!9+8+!<+.! /!
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"#$%&! !

!

!!!'()*!+,-./012+-3!.4!5+-!65782+-!9+-!7:/284+-3!)4!;1<7+/!9.571! !=!/.1>/)?12+-!5+-!7:/284+-3!

?1/1!+,7.4./@!

"#$$&! !

!

!!!A4!.5!7./<./!7:/284+! 3!<12,812+-!5+-!*498<.-!2)9+-3!?1/1!().91/!<+2+! !=!

/.<+4+<.2+-!.5!-8>)8.47.!-*2,+5+!9.!BC/8-7+;;.5@!

"#$D&! !

!

!!!E)-787)=.49+!"#$D&!.4!"#$$&3!+,7.4.2+-@!

"#$F&! !

!

!!!'C+/1!/.<)./91!9.!"#%G&!=!"#%%&!().! H!!E8!?1/12.7/8I12+-!<+4! !9.! !-.!-8>).!().@!

"#$J& !

!

!!!B+2,84149+! "#$F&!=! "#$J&3!+,7.4.2+-! !"#$%&'()*+"#<+4!9./80191-! -+,/.! 51! 5+4>87)9!9.!1/<+!

3# 712,8:4!<+4+<891-!<+2+#,!")#%+-"+*&.%)#'%#+"/'"# !*01%23
#DGK
! ! <)149+! 51! ;)./I1!().!1<761!

-+,/.!.5!+,L.7+!.-!<./+H!A5! 7:/284+!9.5! 519+! 8I()8./9+! /.?/.-.471! 51! 1<.5./1<8M4!4.N7+48141! 715!

<+2+!51!<+4+<.2+-!.4!51!.<)1<8M4! H!A5! 7:/284+!9.5! 519+!9./.<C+!")4!BC/8-7+;;.5!
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C 4. La gravitación Newtoniana 
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!
D. LA GRAVITACIÓN NEWTONIANA EXPRESADA COMO TEORÍA DE CAMPO 
!
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D 2. El campo gravitacional para una distribución de masa arbitraria 
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E. EL FLUIDO PERFECTO 
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F. EL TENSOR DE EINSTEIN 
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APÉNDICE VI C. LA ROTACIÓN DEL PERIHELIO DE MERCURIO  
por Juan Auping con la asesoría de Alfredo Sandoval 
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G&'0.:! *)(%18.)6(%/.! -%.1! @! 60''.%&1! /&! *.%&'(/(1! /&! 6(1(! &%! &%&)5+(>! ](! /0160%-,0I%! /&! '(! 6(1(! /&'! 3.'! &1:!

&%*.%,&1:!!"1+"B5! !!
?PQ=
!^9(1&!(!,.%*0%-(,0I%!'(!3&,,0I%!^_!Z!=!

?PQ@
!Y();()(!]>!Z'0%&:!C52+(.%"05.%2+0%+1"+*4%-"+A,2'("!C?BP=#2!RBA!
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!!!"#$!%&'#(#)!*)'+%,'+-#).!/+$)'*+$!#0'1-#!!"#$#%&'()*#+),"!)*%*2,$'*!,3! 4*)13',(#!*5,6'#!7!

*)'+%8!',%0+&$!*3!-,3#4!(*! !93,!*61,6+8$!:;<=
!>?:@
!!!

!9:;<! !

!

!!!!!A$-+'#!,3!3*6'#4!,!B1*!6#%C,4*!3,!*61,6+8$!*5,6',!9:D!E<!6#$!3,!,C4#5+%,(,!(*!/+$)'*+$!9:;<=!

F3!6#%C,4,4!3,!*61,6+8$!*5,6',!93,!:D!E<!6#$!3,!,C4#5+%,6+8$!(*!/+$)'*+$!93,!:;<.!,C,4*6*$!3,)!

)+G1+*$'*)!(+H*4*$6+,)I!

!

!"#$%&"%'()#$*"%+"#,-.#/0####################################!"#$%&"%'()#"123*'4"5"#5$#6')7+$')#,-80#

!!!!!!!!!!!!!!!!!!!!!!!>!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! J>=KKKKKK>KL@;M:@>L!

!!!!!!!!!!!!!! >MLM=:>!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! JNM@;=?>!

J>=KKKKKKK@D>:KLD?;!!!!!!!!!! J>=KKKKKK>KL@;M:@>L!

!!!!!!!!!!!!!! J!D=LKL>>;:>LL:>O !!!!!!! JD=LKL>>;MK:@>;>O !!!!!!!!!!!!!!!!!!!!!!!!!!!!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! J !

!

!!!P,!(+H*4*$6+,!*$'4*!>!7!>=KKKKKK>KL@;M:@>L!C,4*6*!C*B1*Q,.!C*4#!+$-+'#!,3!3*6'#4!,!4*6#4(,4!3#!

B1*! ,6,0#! (*! (*6+4! ,44+0,.! ,! ),0*4.! R!"#$ ,&-).#$ +'*%/0.#$ 10$ $ &#1)#"02$ +'".)0"0$ 345674888$

#&+'$209!"1'2$0"$!"$#:'$10$;0&+!&)'$<==$1>#2?4$@$02.#*'2$-!2+#"1'4$%'&$/'$.#".'4$!"#$#1)+),"$#$

02.0$*'".'$10$ $#&+'$209!"1'24$02$10+)&4$2'/#*0".0$8A88888=883BCD$E$#1)+)'"#/=S!/)',!

%T$+%,!(+H*4*$6+,!*$'4*!>!7!>=KKKKKK>KL@;M:@>L!*5C3+6,!%U)!#!%*$#)!3,!4#',6+8$!(*3!C*4+V*3+#!

(*!W*4614+#.!B1*!/+$)'*+$!*)'U!01)6,$(#=!F3!,Q,(+4! !,!3,!1$+(,(.!&3!,21)',!3,!*61,6+8$!

*$!H1$6+8$!(*3!4*)13',(#!(*)*,(#=!

!

!!!P,!(+H*4*$6+,!*$'4*! !7! ! *)!G4,$(*.!C*4#!%13'+C3+6,(#!6#$! ! 9617#!-,3#4!*)!

-,4+,03*.! C*4#! '#%,%#)! )1! -,3#4! %U5+%#! *$! *)',! 6#%C,4,6+8$<.! 3,! (+H*4*$6+,! 33*G,! ,! )*4!

4*3,'+-,%*$'*!C*B1*Q,.!,!),0*4.! !7! =!!

!

!!!"#$! '#(#.! *)',! *61,6+8$! (*! /+$)'*+$! *)! !"#$ %&)*0&#$ 2)*%/)F)+#+),"$ @$ #%&'()*#+),"! (*! 3,!

*61,6+8$!*5,6',=!

!

!!!!!X#(*%#)!H,6'#4+Y,4!3,!*61,6+8$!9:;<!C,4,!#0'*$*4I!
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!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
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GH")9/)+I$J&0!22)2+I0$KL#10*)0$10&$M)220"2+I#F.0"A$N).O!"92-0&)+I.0!9>M>@<.!'4,(16+(#!,3!+$G3&)!*$!PI0$Q'//0+.01$$

M'&L2$'F$K/-0&.$R)"2.0)"4$-#3=!L!9>M:M<I!>>L!
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!
!"#$%&'()*+"%,+-%.)/+)0+"&1"%.)2#3)-')".4'&%56)/+-)7+"%,+-%.)+6)2+/%')5"8%4')

!
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!!!L&0-)&5! 5.)$#.2./(%! #(! -/3(/.>6! ?EGA;! 35(60&! -#! +-&%-)(! 0-! #(5! 5-%.-5! 0-! M(8#&%;! (! 5(<-%;!
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!

!!!"6!63-5+%&!/(5&K!

?EN!OA! !!! !

!!!!P@DA!! !

!!!!P@FA! !

!!!!P@QA! !

!!!!-+/7+-%(!
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!!!!!!"#$%&'(!)%!*+,-.!/!*+,0.!/!*+,1.!/!2222/!* .3!(456&6$(7!8!
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*9@!A.! !!*
&(5%
!
0@9:
.! !

*9@!;.!! /! !

!

!!!B=%56$(7!%C(=%!%$4(7!D&56E=%)67!F(=!76F%=%'(8!

*99!A.! !

*99!;.!G, !

!*99!H.!I, !

!

!!!!!<=D$6=(!=667J=D4D$(7!6)!5K=$D&(!J($L&!%!%$4(7!D&56E=%)67!6&!6)!'6&($D&%'(=8!

*9M.! !,!!

!!!!!!!! !

*M-.! !

!!!!

!!"#75D5#D$(7!)%!*M-.!6&!)%!*99!;.!N!)%!*99!H.!F%=%!(456&6=!)%!*M0.!N!)%!*M1.8!

*M0.!!G, !

*M1.!!I, !

!

!!O6(='6&%$(7!)(7!5K=$D&(78!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
0@9:
!A)46=5!PD&756D&3!QPRF)%&%5D(&!(?!5C6!<6=DC6)D(&!S(5D(&!(?!S6=J#=N!?=($!5C6!T6&6=%)!BC6(=N!(?!O6)%5DUD5N3V!6&8!

!"#$%&$'()*+,-..$.'(,)/012,3$,)2,+)4$..,#.'(156,#7)8$69-#%.:,+$'(6,!*0M0>.3!5=%'#JD'(!%)!D&E)K7!6&!;(,)<=&&,'6,2))

4=+0.)=5)/&:,+6)>$#.6,$#?)U()2!:!*0M9M.8!00:!
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"#=%! !

!

!!!>64?8?683,4!"#<%!@!"#=%!15!"#$%!@!"#(%!/.-.!,7?151-!"#A%!@!"#B%;!

"#A%!&' !

"#B%!)' !!

!

!!!C1D8583,4!E;!

!"##%!E' '!

!!!!!!!!!!!!' '!

!!!!!

!!!!F,3785.52,!"&G!E%H!,7?1513,4!&&;!

"IJJ%!!&&'"&GE%'! !
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!!!"!#$%&'($!)"!*!+,-!$.#/'/%$0!""1!

)232,!!""4!)"5+,4 !
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!!!67$8&!.9/'-!:$%.9'&'($!);;!6,-!)233,!<!)232,-!$.#/'/%$01!

)23=,! ! !

!!!!!!!!!! !

!

!!!>&?&%$0!@'&!'@/A&!0@0#9#@:9B'!(/!A&89&.C/01!

)23D,!! !! !

)23E!6,!! !! !

)23E!F,!! !

!

!!!G@0#9#@9%$0!)23D,!<!)23E!F,!/'!!)232,1!

)23H,!""4! 4 !

!

!!!G@0#9#@9%$0!/'!)23H,!! !!<!! -!I&8&!$.#/'/8!)23J,1!

)23J,!""4 4!!!

!!!!!!!!!!!!!!!4 !

!!!!!!!!!!!!!!!4 !

!

!!!K/:$8(/%$01!

)233,!LL4! ! !

)23M,!LL4! !

!

!!!/'!($'(/! !
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!!!"#! $%&'(! )*! +,#-)./,0#! *-! 1#! $%&2(3! 4/,! 1#! 5-+*6,#758-! 9*! :-#! .:-758-! +,56/-/0;+,57#!

5-<*,)#=
%'2'
!

$%&2(!>>?! ?!

!!!!!!!!!!!!!!!? ?!

!!!!!!!!!!!!!!!? !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!

!!!@*-*0/)!9/)!/475/-*)=!A(!*1!)56-/!4/)5+5</!$B(!#-+*)!9*!1#!,#CD!/!E(!*1!)56-/!-*6#+5</!$F(!#-+*)!

9*!1#!,#CDG!"#!/4758-!A!-/)!9#=!

$%&H!A(!>>? ?!

!!!!!!!!!!!!!!!!!!!!? !

$%%&!A(!>>?! !

!!!!

!!!"#!/4758-!E!-/)!9#=!

$%&H!E(!>>? ?!

!!!!!!!!!!!!!!!!!? !

$%%&!E(!>>?! !

!

!!!IJ<5#0*-+*3!1#!/4758-!E!$*7:#758-!%%&!E(!7/-!*1!)56-/!4/)5+5</!*)!1#!J:*-#G!K*7/,9*0/)=!!

$%&L(!MM?&!

!!

!!!N/,!1/!+#-+/3!7/-!J#)*!*-!1#!$%&O(3!$%&L(!P!$%%&!E(3!/J+*-*0/)=!

$%%%(! ?!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
%'2'
!Q;#-)*!EG!N*5,7*!R!K/-#19!S/)+*,3!!"#$%&'"()*+,"%-" ./',0&)+13!T+U!*9G! $%HVL(=!*7:#758-!%W&3!4X6G!OOY! !P!K/-!

"#,)/-!R!E,:7*!Z9[#,9)3!23+45+%!$O&&L(=!+*/,*0#!VG%'3!4X65-#!W2&!
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!!!!!!!!!! "!

!!!!!!!!!!!!!!" "!

!!!!!!!!!!!!!!!! "!

!

!!!#$%&! &$! &'! (&$)'%*+,! +&! -&+.*! /(0.%*1! 2*(*! ,0%&3&(! )3*! /(0.%*! 4,-5'&%*! 6 78! 9&-,$! +&!

-)'%.5'.4*(!4,3!:!;!'*!(,%*4./3! !+&'!5&(.9&'.,!&$<!

6==:7! !

!

!!!>*+,!?)&! 8!$&!$.@)&!?)&!&3!)3!*A,8!'*!(,%*4./3!+&'!5&(.9&'.,!&$<!

6==B7! 8!

!

!!!;!+*+,!?)&!)3!*A,!+&!C&(4)(.,!$,3!DD!+E*$8!'*!(,%*4./3!+&'!5&(.9&'.,!&3!)3!$.@',!%&((&$%(&!&$<!

6==F7! !

!

!!!!"# $%&'"()*+# +,(%-.*+# *%# /0# )$1+# &%2'-*+&# -+# 1+.-1.*%# %3)1()4%-(%# 1+-# "+&# 56# )$1+#

&%2'-*+&# %&7%$)*+&# 7+$# !.-&(%.-8# 9:+$);# <"# )='&()# &'&# %1')1.+-%&# 7+$# &%2'-*)# >%?;# 7)$)#

+,(%-%$#%"#$%&'"()*+#%&7%$)*+;#7)$)#@'%*)$#1+4+#&.2'%<!

6==G7!!! 6
3,%*!
!
=HDD
71!

!!!!!!#3! '*!-I%(.4*! 6J8! J8! J8! K7! ?)&!#.3$%&.3! )$*8! 8! $&! $.@)&! ?)&! 6
3,%*!

=HDL
71!M+&-N$8!O !"! !#$%#$&$'()'!*+&!,)*+#$&!#$-.%#+-+&!/$!*)!/0&()'-0)!12301)!"!1.'01)!/$*!

4+*5!#$&%$-(0,)1$'($5P
=HLQ
!&$!+&4.(8! ! ! !;!! 6

3,%*
!
=HL=
71!#'!

%I(-.3,! ! &$! &'! $&-.&R&! -*;,(! ;! ! &$! '*! &S4&3%(.4.+*+! +&! '*! /(0.%*! &'E5%.4*1! T*4.&3+,! '*!

$)$%.%)4./3!+&! 8!$&!,0%.&3&<
=HL:
!

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
=HDD
!670/$1<!==U8!&4)*4./3!6=B7!

=HDL
!VI*3$&!'*$!&4)*4.,3&$!F!;!G!+&!&$%&!*5I3+.4&!

=HLQ
!M'0&(%!#.3$%&.38!O#S5'*3*%.,3!,W!%9&!2&(.9&'.,3!C,%.,3!,W!C&(4)(;!W(,-!%9&!X&3&(*'!Y9&,(;!,W!Z&'*%.[.%;8P!&3<!

89'0:*0-;!<#$=&&0&-;$!>?)/$10$!/$#!@0&&$'&-;)A($'B!40(C=':&7$#0-;($!6=L=G78!%(*+)4.+,!*'!.3@'I$!&3<!D;$!E+**$-($/!!

@+#?&!+A!>*7$#(!F0'&($0'5![,'1!U!6=LDL7<!==U!
=HL=
!VI*$&!'*$!&4)*4.,3&$!!6==B78!6==F7!;!6==U7!+&'!M5I3+.4&!\\!$,0(&!]&5'&(!;!^&_%,3!

=HL:
!M'0&(%!#.3$%&.38!O#S5'*3*%.,3!,W!%9&!2&(.9&'.,3!C,%.,3!,W!C&(4)(;!W(,-!%9&!X&3&(*'!Y9&,(;!,W!Z&'*%.[.%;8P!&3<!

89'0:*0-;!<#$=&&0&-;$!>?)/$10$!/$#!@0&&$'&-;)A($'B!40(C=':&7$#0-;($!6=L=G78!%(*+)4.+,!*'!.3@'I$!&3<!D;$!E+**$-($/!!

@+#?&!+A!>*7$#(!F0'&($0'5![,'1!U!6=LDL7<!==U8!8!&4)*4./3!6=:7!
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!!!"##$%!!! "
&'()!
!
#*+,
%-!

!!!!

!!!./!012(/32/4)0'5!)06'5!2)7'5!4'&!89!'6(:&:0'5!1&)!;<6/()!4'032:()!" %9!0=5!)2>'!:?(<)9!)!

5)6:<9!:2!7:532)@)0/:&('!7:2!3:</A:2/'!:&!1&)!;<6/()9!7:B/&/7'!3'<!C/&5(:/&!4'0'! D!E!"#$%&#'!"'

%()'*+,-.)'/01$2".)3'"2'$"+-4"2-0')5)(6)'/0(FD
#*+G
!

"##H%! !!!!

!!!!

!!C&!5:>1/7)9!C/&5(:/&!/&(<'714:!:2!3:</'7'!'<6/()2! 9
#*+$
!#-('!"/-+'7%"'$)+)'"#.0'%#)'2)'."+/"+)'

2"8'!"'9"$2"+'"('#%':0+1)')$+0;-1)!)D
#*+H
!

"##*%! !

!

!!!I1&J1:!C/&5(:/&!&'!2'!7/4:9!4'&!:5()!:41)4/;&!3'7:0'5!<:7:B/&/<!:2!(K<0/&'! !3'<!K2!15)7'!:&!

515!:41)4/'&:59!)!5)6:<D!!

"##L%! ! !

!

!!!./!515(/(1/0'5!! !:&! 9!'6(:&:0'5!2)!M2(/0)!:41)4/;&!7:2!)<(N412'!

7:!C/&5(:/&9! 4'&! 2)! 41)2! 3<:(:&7:! 4)2412)<! 2)! <'()4/;&! 7:2! 3:</A:2/'! 7:!O:<41</'! :&! 1&! 5/>2'! P!

4'<<'6'<)<!51!(:'<N)!>:&:<)2D
#*+*
!

"##+%! !

!

!!./!:2!2:4('<!0:(:!2'5!Q)2'<:5!:03N</4'5!7:!2)!;<6/()!7:!O:<41</'!)!2)!:41)4/;&!7:! 9!5:!('3)!4'&!

1&)! 5'<3<:5)! 7:5)><)7)62:-!<0' #"' 0,.-"("' "2' +"#%2.)!0' "#$"+)!0-!=)' +)6*(' "#' 7%"'>-(#."-(' !)3'

-1$2?/-.)1"(."'@(0'20')/2)+)A3')2'.&+1-(0' '!0#'5)20+"#'"(."+)1"(."'!-#.-(.0#B'C&!:2!(K<0/&'! !
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!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !!!!!!!!!!!!!!!!!!
#*+,
!I26:<(!C/&5(:/&9!EC?32)&)(/'&!'B!(A:!S:</A:2/'&!O'(/'&!'B!O:<41<P!B<'0!(A:!T:&:<)2!UA:'<P!'B!V:2)(/Q/(P9F!:&D!

9C(-D2-/4'E+"%##-#/4"'FG)!"1-"'!"+'H-##"(#/4):."(B'I-.6%(D#,"+-/4."!"#+#$%9!(<)714/7'!)2!/&>2K5!:&D!J4"'K022"/."!''

H0+G#'0:'F2,"+.'>-(#."-(3'Q'2-!H!"#+L+%D!##H9!:41)4/;&!#,!
#*+G
!I26:<(!C/&5(:/&9!EC?32)&)(/'&!'B!(A:!S:</A:2/'&!O'(/'&!'B!O:<41<P!B<'0!(A:!T:&:<)2!UA:'<P!'B!V:2)(/Q/(P9F!:&D!
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H0+G#'0:'F2,"+.'>-(#."-(3'Q'2-!H!"#+L+%D!##H!
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#*+H
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9C(-D2-/4'E+"%##-#/4"'FG)!"1-"'!"+'H-##"(#/4):."(B'I-.6%(D#,"+-/4."!"#+#$%9!(<)714/7'!)2!/&>2K5!:&D!J4"'K022"/."!''
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